Geometry of Hermitian manifolds 

Kefeng Liu, Xiaokui Yang 



Abstract 

On Hermitian manifolds, the second Ricci curvature tensors of various metric connec- 
tions are closely related to the geometry of Hermitian manifolds. By refining the Bochner 
formulas for any Hermitian complex vector bundle (Riemannain real vector bundle) with 
an arbitrary metric connection over a compact Hermitian manifold, we can derive various 
vanishing theorems for Hermitian manifolds and complex vector bundles by the second 
Ricci curvature tensors. We will also introduce a natural geometric flow on Hermitian 
manifolds by using the second Ricci curvature tensor. 

1 Introduction 

It is well-known ([5]) that on a compact Kahler manifold, if the Ricci curvature is positive, 
then the first Betti number is zero; if the Ricci curvature is negative, then there is no holo- 
morphic vector field. The key ingredient for the proofs of such results is the Kahler symmetry. 
On the other hand, on an Hermitian manifold, we don't have such symmetry and there are 
several different Ricci curvatures. While on a Kahler manifold, all these Ricci curvatures 
coincide, since the Chern curvature on a Kahler manifold coincides with the curvature of the 
(complexified) Levi-Civita connection. We can see this more clearly on an abstract Hermitian 
holomorphic bundle E. The Chern connection SJ CH on E is the unique connection which 
is compatible with the holomorphic structure and the Hermitian metric on E. Hence, the 
Chern curvature Q E G F(M,A 1 ' 1 T*M ® E* <g> E). There are two methods to take trace of 
Q E . If we take trace of Q E on the part End(E) = E* <S> E, we get a (1, l)-form on M which 
it is called the first Ricci curvature. It is well known that the first Ricci curvature represents 
the first Chern class of the bundle. On the other hand, if we take trace on the (1, l)-part 
using the metric of the manifold, we obtain an endomorphism of E, Tr LU @ E G T(M, E* ® E). 
It is called the second Ricci curvature of Q E . The first and second Ricci curvatures have 
different geometric meanings, which were not clearly studied in some earlier literatures. We 
should point out that the nonexistence of holomorphic sections is characterized by the second 
Ricci curvature. Let E be the holomorphic tangent bundle T 1,0 M. If M is Kahler, the first 
and second Ricci curvature are the same by the Kahler symmetry. Unfortunately, on an 
Hermitian manifold, the Chern curvature is not symmetric, i.e., the first and second Ricci 
curvatures are different. Moreover, in general they can not be compared. An interesting 
example is the Hopf manifold § 2n+1 x § . The canonical metric on it has strictly positive 
second Ricci curvature! 

In this paper, we study the nonexistence of holomorphic and harmonic sections of an 
abstract vector bundle over a compact Hermitian manifold. Let E be a holomorphic vector 
bundle over a compact Hermitian manifold (M, to). Since the holomorphic section space 
H°(M,E) is independent on the connections of E, we can choose any connection on it. As 
we mentioned above, the key part, is the second Ricci curvature of the connection. For 
example, on the holomorphic tangent bundle T 1,0 M of an Hermitian manifold M, there are 
three common connections 



(1) the complexified Levi-Civita connection V on T l,0 M; 

(2) the Chern connection on T 1,0 M; 

(3) the Bismut connection \7 B on T 1,0 M. 

It is well-known that if M is Kahler, all three connections are the same. However, in general, 
the relations among them are somewhat mysterious. In this paper, we derive certain relations 
about their curvatures on certain Hermitian manifolds. 

Let E be an Hermitian complex (possibly non-holomorphic) vector bundle or a Riemannian 
real vector bundle over a compact Hermitian manifold (M, oo). Let 8e,9e be the (1, 0), (0, 1) 
part of V E respectively. The (1, Incurvature of is denoted by R E G T(M, A 1 - 1 T*M ® 
E* ® E). It can be viewed as a representation of the operator 8e9e + 9e9e- We can define 
harmonic section spaces associated to (E, V E ) by 

H™{M,E) = {ip G SP«(M,E) | d E ^ = d E <p = 0} (1.1) 

In general, on a complex vector bundle E, there is no such terminology like "holomorphic 
section of E" . However, if the vector bundle E is holomorphic and V E is the Chern connec- 
tion on E i.e. 8e = d, then (M,E) is isomorphic to the Dolbeault cohomology group 

H^ ,q (M,E) and H^(M,E) is the holomorphic section space H°(M,E) of E. 

Theorem 1.1. Let E be an Hermitian complex vector bundle or a Riemannian real vector 
bundle over a compact Hermitian manifold (M, u) and V E be any metric connection on E. 

(1) If the second Hermitian- Ricci curvature Tr Ld R E is nonpositive everywhere, then every 

&E-closed section of E is parallel, i.e. X7 E s = 0; 

(2) If the second Hermitian- Ricci curvature Tr UJ R E is nonpositive everywhere and negative 

at some point, then (M, E) = 0/ 

(3) If the second Hermitian- Ricci curvature Tr LJ R E is p-nonpositive everywhere and p-negative 

at some point, then (M, A q E) = for any p < q < rank(E). 

The proof of this theorem is based on generalized Bochner-Kodaira identities on vector 
bundles over Hermitian manifolds (Theorem 4.5). We prove that (Theorem 4.8) the torsion 
integral of the Hermitian manifold can be killed if the background Hermitian metric u is 
Gauduchon, i.e. ddui n ~ l = 0. On the other hand, in the conformal class of any Hermi- 
tian metric, the Gauduchon metric always exists ([21]). So we can change the background 
metric in the conformal way and the positivity of the second Hermitian-Ricci curvature is 
preserved. This method is very useful on Hermitian manifolds. Kobayashi-Wu([31]) and 
Gauduchon([19]) obtained similar result in the special case when V E is the Chern connection 
of the Hermitian holomorphic vector bundle E. Now we go back to the Hermitian manifold 
(M, u). 

Corollary 1.2. Let (M,uj) be a compact Hermitian manifold 

(1) if the second Ricci-Chern curvature Tr^Q is nonnegative everywhere and positive at 

some point, then H^'°(M) = for any 1 < p < n. In particular, the arithmetic genus 
X(M, O) = 1; 

(2) if the second Ricci-Chern curvature Tr^Q is nonpositive everywhere and negative at some 

point, then the holomorphic vector bundle A P T 1,0 M has no holomorphic vector field for 
any 1 < p < n. 
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Since the first Ricci-Chern curvature and the second Ricci-Chern curvature of an Hermitian 
manifold can not be compared, we can not derive that the manifold M is Kahler, even if 
the second Ricci-Chern curvature is positive everywhere. In general, the first Ricci-Chern 
curvature is enclosed but the second Ricci-Chern curvature is not enclosed and so they are in 
the different (d, d, <9)-cohomology classes. For example, the Hopf manifold S 2n+1 x S 1 with 
standard Hermitian metric has strictly positive second Ricci-Chern curvature and nonnegative 
first Ricci-Chern curvature, but it is non-Kahler. For more details, see Proposition 6.4. 

Now we consider several special Hermitian manifolds. An interesting class of Hermitian 
manifolds is the balanced Hermitian manifolds, i.e., Hermitian manifolds with coclosed Kahler 
forms. It is well-known that every Kahler manifold is balanced. In some literatures, they are 
also called semi-Kahler manifolds. In complex dimension 1 and 2, every balanced Hermitian 
manifold is Kahler. However, in higher dimensions, there exist non-Kahler manifolds which 
admit balanced Hermitian metrics. Such examples were constructed by E. Calabi([7]), see also 
[23] and [36]. There are also some other important classes of non-Kahler balanced manifolds, 
such as: complex solvmanifolds, 1-dimensional families of Kahler manifolds (see [36]) and 
compact complex parallelizable manifolds (except complex torus) (see [46]). On the other 
hand, Alessandrini- Bassaneli( [2]) proved that every Moishezon manifold is balanced and 
so balanced manifolds can be constructed from Kahler manifolds by modification. For more 
examples, see [3], [36], [16] and [17]. 

Every balanced metric w is a Gauduchon metric. In fact, d*u = is equivalent to cL; n_1 = 
and so ddto^ 1 = 0. By [21], every Hermitian manifold has a Gauduchon metric. However, 
there are many manifolds which can not support balanced metrics. For example, the Hopf 
surface S 3 x S 1 is non-Kahler, so it has no balanced metric. For more discussion , one can 
see [7], [36], [42], [2] and [3]. 

On a compact balanced Hermitian manifold M, we can detect the holomorphic section 
spaces H^ ,0 (M) by Levi-Civita connection. Let V be the complexified Levi-Civita connection 
and V', V" the (1,0) and (0,1) components of V respectively. In general, holomorphic p- 
forms are not V"-closed. The Ricci curvatures related to the Levi-Civita connection are 
defined in 2.11 and 2.29. 

Theorem 1.3. Let (M,uj) be a compact balanced Hermitian manifold. If the Hermitian- Ricci 
curvature {R{j) of M is nonnegative everywhere, then 

(1) If ip is a holomorphic p-form, then Agip = and so h p,0 (M) < h 0,p (M) for any 1 < p < 

n; 

(2) If the Hermitian- Ricci curvature (Rfj) is positive at some point, then H^'°(M) = for 

any 1 < p < n. In particular, the arithmetic genus x(M, O) = 1. 

The dual of Theorem 1.3 is 

Theorem 1.4. Let (M,uj) be a compact balanced Hermitian manifold. If 2R\j — Rg is 
nonpositive everywhere and negative at some point, there is no holomorphic vector field on 
M. 

Remark 1.5. It is easy to see that the Hermitian- Ricci curvature tensor (Rfj) and second 

Ricci-Chern curvature tensor O*- 2 -* := Tr^Q can not be compared. Therefore, Theorem 1.3 
and Corollary 1.2 are independent of each other. For the same reason, Theorem 1.4 and 
Corollary 1.2 are independent. Balanced Hermitian manifolds with nonnegative Hermitian- 
Ricci curvatures are discussed in Proposition 3.5. 
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As we discuss in the above, on Hermitian manifolds, the second Ricci curvature tensors 
of various metric connections are closely related to the geometry of Hermitian manifolds. A 
natural idea is to define a flow by using second Ricci curvature tensors of various metric 
connections. For example, 

^L- = -oW +fi h, ^eM (1.2) 

on a general Hermitian manifold (M, h) by using the second Ricci-Chern curvature. This flow 
preserves the Kahler and the Hermitian structure and has short time solution on any compact 
Hermitian manifold. It is very similar to and closely related to the Hermitian Yang-Mills flow, 
the Kahler-Ricci flow and the harmonic map heat flow. It may be a bridge to connect them. 
In this paper we only briefly discuss its basic properties. In a subsequent paper ([33]) we will 
study its geometric and analytic property in detail. 

We would like to thank Yi Li, Jeffrey Streets, Valetino Tosatti for their useful comments 
on an earlier version of this paper. 



2 Various connections and curvatures on Hermitian manifolds 

2.1 Complexified Riemannian curvature 

Let (M,g) be a Riemannian manifold with Levi-Civita connection V, the curvature R of 
(M, g, V) is defined as 

R(X,Y,Z,W) = fl ((VjfVy-VyV X - V [XtY] ) Z,W) (2.1) 

On an Hermitian manifold (M,h), let V be the complexified Levi-Civita connection and g 
the background Riemannian metric. Two metrics are related by 

ds 2 h = ds 2 g - v^fc (2.2) 

where lj^ is the fundamental (1, l)-form (or Kahler form) associated to h. For any two 
holomorphic vector fields X, Y G r(M,T 1 '°M), 

h(X,Y) = 2g(X,Y) (2.3) 

This formula will be used in several definitions. In the local holomorphic coordinates {z 1 , • • • , z n } 
on M, the complexified Christoffel symbols are given by 

r c _S^ 1 CE( d 9AE dg B E dgAB \ 1 uCE ( dh-AE dh BE dh AB ^ 

^AB-2^ 2 9 \ dz B + dz A dz E)-2^2 n [ dz B + dz A dz E > [ ' 

E E 

where A, B,C,E S {1, • • • , n, 1, • • • , n} and z A = z l if A = i, z A = if A = i. For example 

The complexified curvature components are 

Rabcd : = 2g f (V s V e - V a N 

\ V Bz A Bz B dlB g z . 



hflVaVa -VeVa 



o v o v a v o /or 1 ' -=r 

aix dzB 9z b -^kj dz^ dz D 



dz c ' dz D 
d d 
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Hence 



R ABC = ^ R ABCEh ED = - y ~ q^A + T AC T FB ~ T BC T AF^j ( 2 - 6 ) 



E 

By the Hermitian property, we have, for example 

f 8v l dTl u \ 

r[ = - ^ - — 4. + rf fc ri - Ti,T l is - ri,r\- s (2.7) 

Remark 2.1. We have Rabcd = Rcdab- In particular, 

%fcl = ^fe&J ( 2 - 8 ) 
Unlike the Kahler case, we can define several Ricci curvatures: 
Definition 2.2. (1) The complexified Ricci curvature on (M,h) is defined by 

*a ■= h * ( R m + R k 0i) ( 2 - 9 ) 

The complexified scalar curvature of /i is defined as 

s h := h kI <% kJ (2.10) 

(2) The Hermitian- Ricci curvature is 

The Hermitian- scalar curvature of h is given by 

5 := h kI R kJ (2.12) 

Lemma 2.3. On an Hermitian manifold, 



Rabcd - Rabcd^ ~ ^ik> R kl ~ R i~k ( 2 - 13 ) 

and 

^ki = h {] (2R kJiI -R kIiJ ) (2.14) 

Proof. The Hermitian property of curvature tensors is obvious. By first Bianchi identity, we 
have 

That is R k qi = R^jij — Rklij- ^ ne curvature formula 2.9 turns to be 

cs> \Si i o d _ i _ 



(2.15) 
□ 

Definition 2.4. The Ricci curvatures are called positive ( resp. nonnegative, negative, non- 
positive) if the corresponding Hermitian matrices are positive ( resp. nonnegative, negative, 
non-positive) . 

The following three formulas are used frequently in the sequel. 



5 



Lemma 2.5. Assume = 5ij at a fixed point p S M, we have the following formula 



1 ( d\j , 



+ 1 fdhmdKfl + dh^^qA + 1 fdhm^l + 



4 \ dz % dz? dz k &z l ) 4 \ 5z fc 9^ <9z* cte^ 



4 V dz i dzi dz k dz 4 J 4 V dzi dz q dzi dzi 

By a linear transformation on the local holomorphic coordinates, one can get the following 
Lemma. For more details, we refer the reader to [44]. 

Lemma 2.6. Let (M,h,uj) be an Hermitian manifold. For any p E M, there exist local 
holomorphic coordinates {z 1 } centered at a point p such that 

h il (p) = 6 ij and l*(p) = (2.17) 

By Lemma 2.6, we have a simplified version of curvatures: 

Lemma 2.7. Assume hg(p) = 5ij and T k -{p) = at a fixed point p £ M , 

v M 2 ydz k dP d#d& J Z ^\dz i 9zi dz k dz e J { ' ' 

For Hermitian- Ricci curvatures 

7? -h<3n - iyP 2 ^ i d2flk A ^(^idhk-, dh k - q dh ql \ 

a kt n iM 2 ^\dz k &z s dz s &z e J ^\dz s dz s ^ dz s &z s J { ' 

s x ' q,s x ' 

and 

uijrf _ h H-n _ l^( d 2 h kI 3 2 h s - s \ ^f dh^dhsg dh q - s dh m \ 

n "kjH- n K m- 2 ^\dz°dz s + dz k dzt) ^\dz k &z s + d* &z l J { ' 



q.s 



For complexified Ricci curvature, 



'hi 



2 ^ \dz k dz s dz s dz e J ^ \dz s dz s dz k 3z l ) 

f dh gldh kq dh k gdh qI \ / dh qJ dh sq dh q sdh kq \ 

^\dz s dz s dz s &z s ) V dz k dz s dz s dz e J [ ' ' 

q,s x ' q,s x ' 

2.2 Curvature of complexified Levi-Civita connection on T 10 M 

Since T 1,0 M is a subbundle of T^M, there is an induced connection V on T 1,0 M given by 
V = vr o V : T lfi M 4 T(M, T C M ® T C M) ^ T(M, T C M ® T 1,0 M) (2.22) 
The curvature R G T(M, A 2 T C M ® T* li0 M ® r 1 ' ^^) of V is given by 

«pf, F)s = VjfVys - Vy V x s - V[x,y]S (2.23) 
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for any X, Y S / ; .U and s S T ' U M. It has components 



where 



For example, 



^ fir 1 f>r l 

jyl Bk Ak -ps -pi . -ps -pi /r> 

U ABk — ~Q^A Q^B 1 Ak 1 Bs+ 1 Bfc 1 As ^-^ 4 J 



22 V^' = S (2 - 25) 



/ari art. \ 
# =_ _-#_ -Jl + r? fc ri - n, (2.26) 



With respect to the Hermitian metric /j on T 1,0 M, we can define 

R ABkl = ^2 R ABk h sl ( 2 - 27 ) 
s=l 

Definition 2.8. The first Ricci curvature of the Hermitian vector bundle ^T 1,0 M, X7^j is 
defined by 

The second Ricci curvature of it is 



= (2-28) 



The scalar curvature of V on T 1,0 M is denoted by 

t. _ 

Hjkt 



S LC = h i3 h ki R (2.30) 



By Lemma 2.6, we have the following formulas 

Lemma 2.9. On an Hermitian manifold (M, h), on a point p with h i j(p) = 5ij and T k -{p) = 
0, 

ijkt 2 y dz k dl j dz i m i j dz i op ^ ■ > 

For the Ricci curvatures, 

a o I pivkp^j pt^ipr^k I Z^i a~i pr~j ^ ■ / 



and 



Moreover, 



2 ^ \ dz k dzi dz i cfz k / ^ dz i dW 

k \ / k,q 



p(2) ly | d2h kj \ ^dh rq dh ql 

v dz k dzi dzifJz* j ^ &z k dz k 1 ' ; 

k \ / k,q 



k,q 
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2.3 Curvature of Chern connection on T 10 M 

On the Hermitian holomorphic vector bundle (T 1,0 M, h), the Chern connection is the 

unique connection which is compatible with the complex structure and the Hermitian metric. 
Its curvature components are 

It is well-known that the first Ricci- Chern curvature 

e (i) := ^E±Q(X) dz i A jgj (2.3 6 ) 

represents the first Chern class of M where 

@(D _ h kl Q _ _ _ d 2 logdet(h kI ) 

The second Ricci- Chern curvature components are 

= h kI @ kI{] (2.38) 
The scalar curvature of the Chern connection is defined by 

S CH = h $h ki @ m (2.39) 

2.4 Curvature of Bismut connection on T 10 M 

In [4], Bismut defined a class of connections on Hermitian manifolds. In this subsection, 
we choose one of them (see [35], p. 21). The Bismut connection V s on the holomorphic 
tangent bundle (T 1,0 M, h) is characterized by 

V B = V + S B (2.40) 

where S B is 1-form with values in End(T 1,0 M) 

h(S B (X)Y,Z) = 2g(S B (X)Y,Z) = y/=l(d-d)u h {X,Y,Z) (2.41) 

for any Y, Z £ T lfi M and X E T C M. Let f f Q and V? be the Christoffel symbols of the 

Bismut connection where i,j,a,f3 E {l,- -- > n }- We use different types of letters since the 
Bismut connection is not torsion free. 

Lemma 2.10. We have the following relations between T and T, 
~ - d^ijj ~ 

^ioip := hpyT ia = T ia j + = -q^T, ^Ja]3 = ^jdj3 (2.42) 
Proof. Let X = Y = ^j, Z = Since ujh = ^-^hmndz 171 A dz" 1 , we obtain 

V=l(d -d)u h (X,Y,Z) = -^^h^dzPdz m dz n (^,^-,^r) 
v ; v ' ' ' 2 dzP \dz l dzi dz k ) 

Udh- k dh fk 



2 V dzi dz i 

r%his = r r 
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On the other hand 

Using the definition of Bismut connection, we get 

= r fa? + T- pi = (2.44) 

The proof of the other one is similar. □ 
The Bismut curvature B eT (M,A 1 ' 1 T*M ® End(T lfi M)) is given by 

bL = + ndr - rUL + riff, (2.45) 



dz 1 dz { %a n ja n 
ij(p) = Sij and r| 



Lemma 2.11. Assume hMp) = 6^ and T^Ap) = at a fixed point p £ M , 



ijap I qpq^ Q£Q& d&8P ) ^ dz i dzi &zi dz i 



Proof. It follows by 2.42 and 2.45. □ 

We can define the first Ricci-Bismut curvature the second Ricci-Bismut curvature f?v 
and scalar curvature S BM similarly. 

2.5 Relations among the four curvatures on Hermitian manifolds 
Proposition 2.12. On an Hermitian manifold (M,h), we have 

R-ijki = R-ijW Rijkl = (2.47) 

and for any u,v £ C™, 

- Rijkl) < (2.48) 

In particular, R,-- < Rw and R-^ < i?2 in the sense of Hermitian matrices. 



Proof. Let 



Tfjki ~ R-iikl Riiki ~ ^Ib^isKl (2.49) 



•ijki ijkl u ijk£ jk is tl 

Without loss generality, we assume hq = 5ij at a fixed point, then 

Tfjkl = 5^ ^jks^isl = ~~ ^ ^isl^jsk (2.50) 

s s 

where 

1 / dhjj dhis\ 

and so Tq k ju l W v k v l < 0. □ 

Remark 2.13. (1) Because of the second order terms in R, R, O and B, we can not compare 
R,R with 6, B. 

(2) Since the third order terms of are not zero in general. Therefore it is possible that 

and e( 2 ) are not in the same (d, d, <9)-cohomology class. For the same reason £>' > 
and are not in the same (d, d, <9)-cohomology class. 

(3) If the manifold (M, h) is Kahler, then all curvatures are the same. 
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3 Curvature relations on special Hermitian manifolds 

3.1 Curvatures relations on balanced Hermitian manifolds 

The following lemma is well-known( for example [18]), and we include a proof here in our 
setting. 

Lemma 3.1. Let (M,lo) be a compact Hermitian manifold. The following conditions are 
equivalent: 

(1) d*u = 0; 

(2) du n - 1 = 0; 

(3) For any smooth function f G C°°(M), 



1a,/ = A,/ = A 8/ = -fc« ^L, p.!) 



(4) Tj. = for any 1 < i < n. 

Proof. On a compact Hermitian manifold, d*ui = — * d * lj = —c n * duj 71-1 where c n is a 
constant depending only on the complex dimension n of M. On the other hand, the Hodge 
* is an isomorphism, and so (1) and (2) are equivalent. If / is a smooth function on M, 

f Agf = //'"-^f- + J4 

oz l dz J tj dz (3 2^ 



On the other hand, 



h ij T ^ = _ r j h ki and h ij T k = _ T i h kt (33) 

Therefore (3) and (4) are equivalent. For the equivalence of (1) and (4), see Lemma 8.8. □ 

Definition 3.2. An Hermitian manifold (M, oj) is called balanced if it satisfies one of the 
conditions in Lemma 3.1. 

On a balanced Hermitian manifold, there are more symmetries on the second derivatives of 
the metric. 

Lemma 3.3. Let (M, h) be a balanced Hermitian manifold. On a point p with h i j(p) = 5ij 
and r|(p) = 0, 

a# = £l# = » (3 - 4) 

s s 

and 

d 2 % d 2 h kI x - d 2 h fi 2 ^ dh qI dh m 



l.q 



Proof. At a fixed point p, if hg = and Y k - = 0, then 

&z k dzi 



(3.6) 
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The balanced condition Y\ R = is reduced to 

i —' s IS 



dz 1 ^— ' dz' 

s 

by formula 3.6. By the balanced condition 

0= d 3i = A(W^s_^ 



\ 2 \ dz 1 &z q 



1 / & ha d 2 hf \ dh qjdhk - 
2^i I fi^kfr^e n-ykprd ) Z_> 



2^\dz k dz e dz k dz i J 4" Sfz 1 dz i 

% i,q 

Hence, we obtain formula 3.5. □ 

Proposition 3.4. Let (M, h) be a balanced Hermitian manifold. At a point p with h^{p) = 5ij 
and T k j{p) = 0, we have following formulas about various Ricci curvatures: 

S(l) _ o(l) _ V- 92h ii ■ V- 9h ql dh kq /oox 

u kl n kl n ki - 2^ dz k^t + 2^ Oz 1 dz i ^> 

i q,i 

@(2) = d 2 h kI ^ dh qI dh k g 

U Q z iQfzi 2^ Qf^i Q z i ^ ■ > 
i i,q 

y ,sr( 2 dh ^ dh ^ dh m dh «A r , im 

^ki 2^ dz k 9z l ^ 2^y dz i dz i Oz 1 dz i j ^ ■ > 

I i,q ' 

o(2) = V ,^( 5 d \tdh k - q dh k7l dh- e \ 

u 2^ Qz k dz £ 2^\ Oz 1 dz i Oz 1 Q z i J y ■ > 

/? y i ^( d \ldh k - q dh k - q dh ql \ 

M 4^ dz k dz e ^y&z 1 fa dz i ^- lz > 

l i,q ' 

M _ _ V 9^kL_ s r ( d J^^_dhk 1 d J^\ (313) 
kt 2^ q^Oz 1 ^Kdz 4 dz 1 dz 4 dz 1 ) { ' ' 

i i,q 

Proof. In 2.32, 2.33, 2.37,2.38, 2.19, 2.21, we get expressions for all Ricci curvatures on 
Hermitian manifolds. By balanced relations 3.4 and 3.5, we get simplified versions of all 
Ricci curvatures. □ 

Proposition 3.5. (1) A balanced Hermitian manifold with positive Hermitian- Ricci curva- 
ture is Kahler. 

(2) Let (M, h) be a compact balanced Hermitian manifold. If the Hermitian- Ricci curvature 
is nonnegative everywhere and positive at some point, then M is Moishezon. 

Proof. (1) On a balanced Hermitian manifold 

= > Rsz (3.14) 

tj ij 1 j 

If Rg is Hermitian positive, then @Q is Hermitian positive, and so 



n = -^r— ddlogdet(/i fe? ) (3.15) 
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is a Kahler metric. 

(2) If the Hermitian-Ricci curvature is nonnegative everywhere and positive at some point, 
so is ©S^- The Hermitian line bundle L = det(T 1,0 M) satisfies 

f ci(L)">0 (3.16) 

J M 

By Siu-Demailly's solution of Grauert-Riemenschneider conjecture ([39] [9]), M is Moishezon. 

□ 



3.2 Curvature relations on Hermitian manifolds with A(ddu) = 

Now we consider a compact Hermitian manifold (M, to) with A(dduj) = 0. The condition 
A(dduj) = is equivalent to 



r fit + ikUy J% ( 3i7) 

z ^\dz k 9z k dzi&zi J ^ \dz k dz,i dz i dz k J y ' ' 

for any i,j. We can use 3.17 to simplify Ricci curvatures and get relations among them. 
Proposition 3.6. Let (M, h) be a compact Hermitian manifold with A(dduj) = 0. At a point 



p with hf-ip) = 5{j and T k -(p) = 0, the following identities about Ricci curvatures hold: 



Q (l) _ V- g2 % dh qJ dh k g 



dz k dz l dz % dz % 

q,i 

@(2) d 2 h kI dh ql dh k g 

kl Z> Q z ig^i Z> Q£ Q z i 



fid) _ i v + \ _ v dhqI dhm 

kl 9^1 F>?iftri ftvkfrd I Z> 



2 ^ \ dz l d^ dz k dz l J ^ dz 1 dz 1 

i,q 

8*8? dz k dz £ J 4-" dz 1 dz i 



l.q 



kt Z^ Q z io? I Oz 4 dz i dz 1 dz 4 



% i,q 



0(2) y^ d\l ^( 9h q ldh k g dh m dh ql 

kl Z^ ftvkppfl Z^ I ptd ?) 7 i 



dz k dz ^— ' V <9z* <9z* 



^( d 2 h kI d 2 h tl \ ^( dh qld h k - q dh k - q dh qJ 
V^ydztdz 1 dz k dz e J ^y&z 1 dz' 1 dz 1 dz i 

i,q 



l.q 



1 W^jg . \ /dh qI dh k - q dh m dh gl 

2^\dz i dz i dz k &z e J ^[clz 1 dz 1 dz 1 dz 1 

2 sp ( dh q ldhj- q | dh ql dh kq 
L^i \ Q z k Oz l dz 1 dz 1 



3.18) 
3.19) 
3.20) 
3.21) 
3.22) 
3.23) 
3.24) 
3.25) 



q.l 



Proposition 3.7. If (M,lo) is a compact Hermitian manifold with A(ddoj) = 0, then 

B^<e^ and BW<eW ( 3 . 26 ) 
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in the sense of Hermitian matrices and identities hold if and only if(M,u>) is Kahler. More- 
over, 

e( 2 ) + b& = e« + rW (3.27) 

Finally, we would like to discuss the relations of balanced manifolds and strong Kahler 
manifolds with torsion. By [2], every Moishezon manifold is balanced, i.e. there exists a 
smooth Hermitian metric ui such that d*u = 0. On the other hand, by Demailly-Paun [10] ( 
see also [27]), on each Moishezon manifold, there exists a singular Hermitian metric ui such 
that ddoo = in the sense of current. However, these two conditions can not be satisfied 
simultaneously in the smooth sense on an Hermitian non-Kahler manifold. It is known in [ ] 
and also [15], but merits a proof in our setting. 

Proposition 3.8. Let (M, uS) be a compact Hermitian manifold. Ifd*u> = and K{dduj) = 0, 
then duo = 0, i.e. (M,lj) is Kahler. In particular, if a compact Hermitian manifold admits a 
smooth metric uj such that d*ui = and dduj = 0, then it is Kahler. 

Proof. Let (M, uj) be a balanced Hermitian manifold with A(dduj) = 0. The condition 
A(dduj) = is equivalent to 

V dka + V d2hkI = V dk{l + V d2kkl (3 28) 

4^ dz k dz e ^ dz l dz l 4^ dz k dz i 4^ d&d& ' 

By formula 3.5, at a point p with = <% and T k -{p) = 0, we have 
y^ dh ii , y^ d2fl ki dh a y> 



dz k dz e dz % dz % dz k d'z l ' dz l dz' 



dh fi ^ dh ql dh k q 

dz k d r z i ^-f &Z 1 dz l 



<i-i 



That is 



y^ dh ii = y- _gXi , 4 y ^Vg^ f 3 2 q) 

Taking trace of it, we obtain 

«£^=°~£F = ° (3,0) 

q,i,k 

at point p. Since p is arbitrary, we have duo = 0, therefore, (M, ui) is Kahler. □ 



4 Bochner formulas on Hermitian complex and Riemannian 
real vector bundles over compact Hermitian manifolds 

Let (M, h, uj) be a compact Hermitian manifold. The complexified Levi-Civita connection 
V on TqM induces a linear connection on Q P ' 9 (M): 

V : QP- q {M) — ► &{M) ® (1F' 9 (M) nP-^+^Af) O p+1 ' 9 ~ 1 (M)) (4.1) 

We consider the following two canonical components of V, 

V : fiP'ff(Af) -> Q 1,0 (M) ® QP>i(M) 
V" : n p ' q (M) -> ^(M) ® O p >«(M) 
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Note that V / V' + V" if (M,h,u) is not Kahler. The following calculation rule follows 
immediately 

V'(<pAi/j) = (Vip) + Vip (4.3) 

for any if, -0 G # (M). 

Lemma 4.1. On an Hermitian manifold (M,h), we have 
{dh{y^) =/ i (VV,^) + %,V» [&K<p,il)) = h{V' i <p,$) + h(<p,V'^) 

\dh(<p, vo = /i(v'V, ^) + fcfo v» ^ \ </0 = Mv^, v>) + Hip, v^) 

(4.4) 

/or any ip,if; G O p ' 9 (M). 

Remark 4.2. (1) Here we use the compact notations 

Note that V4 = V'/ = and V< 7^ V-, V T 7^ V4. 

(2) If we regard A p ' q T*M as an abstract vector bundle £7, the above lemma says that V' 
and V" are compatible with the Hermitian metric on E. 

Now we go to an abstract setting. Let E be an Hermitian complex (possibly non-holomorphic) 
vector bundle or a Riemannian real vector bundle over a compact Hermitian manifold (M, u). 
There is a natural decomposition 

V = V E + V' E (4.5) 

where 

(V E :T(M,E)^n^(M,E) 

\V" E : T(M,E) — > 0°' 1 (M, £") 1 ' j 

V E and V"' 5 ' induce two differential operators. The first one is d E '■ £l p ' q (M,E) — > 
UP +1 'i(M,E) defined by 

d E (<p ® a) = (fy>) ® s + (-1) P+ V A V'^s (4.7) 

for any p G fiP*(M) and s G T(M,£). The other one is d E ■ n p > q (M,E) — ► n p+1 ' q (M,E) 
defined by 

~8 E (p ® s) = (dip) ® s + (-1) P+ V A V" E s (4.8) 
for any G QP ,q {M) and s G T(M,E). The following formula is well-known 

(d E d E + d E d E ) (ip ® a) = p A (0^ + b 0e) s (4.9) 

for any y> G r2 p,<? (M) and s G T(M, E 1 ). The operator d E d E + d E d E is represented by its 
(1,1) curvature tensor R E G T(M, k l ^T*M ® E). For any <p,ip € tt*>'(M,E), there is a 
sesquilinear pairing 

{p,i;} = p a A^( ea ,e^) (4.10) 

if </? = 99 Q e Q and ip = ip^ep in the local frames {e a } on £7. By the metric compatible property 
of V E , 

d{p, z/>} = {d E p, + (-l) p+q W, d E ^} (4.11) 

if ip G Q p ' q (M,E). 
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Let uj be the Kahler form of the Hermitian metric h, i.e., 

uj = ^^h jl dz i Adz j (4.12) 
On the Hermitian manifold (M,h,u), the norm on QP> q {M) is defined by 



M)= M)-r = , - r. / h(ip,il>)—= ipA*^ (4.13) 

The norm on £l p ' q (M,E) is defined by 

M)= I {<p,*il>}= I (ip a A*^)(e a ,ep) (4.14) 

for <p,ip £ £l p ' q (M,E). The dual operators of d,d,dE and 9^ are denoted by d*,d* ,d E and 
9 S respectively. 

The following lemma was firstly shown by Demailly using Taylor expansion method( e.g. 
[8]). For the convenience of the reader, we will take another approach which seems to be 
useful in local computations. 

Lemma 4.3. Let (M, h, uj) be a compact Hermitian manifold. If r is the operator of type 
(1,0) defined by r = [A,2du>] on fi*(M, E), 

F—\ (~iT _i_ -*\ 

(4.15) 



\[A,d] =-sf-L{9* + r*) 
For the dual equation, it is 

\[8',L] = -V=i(d + T) 
where L is the operator Lip = 2uj A (p and A is the adjoint operator of L. 

Proof. See Appendix Lemma 8.7. □ 

In the rest of this section E is assumed to be an Hermitian complex vector bundles or a 
Riemannian real vector bundle over a compact Hermitian manifold M. 

Lemma 4.4. Let V E be a metric connection on E over a compact Hermitian manifold 
(M,u). If t is the operator of type (1,0) defined by r = [A, 28uj] on Q'(M,E), then 

(1) [d* E ,L} = V=l(d E + r); 

(2) [d* E ,L] = -y/=l(dE + T); 

(3) [A,d E ]=^T(d E + r*) ; 

(4) [A,d E ] = -^T(.d E + r*). 

Proof. See Appendix Lemma 8.10. □ 
Theorem 4.5. Let V E be a metric connection E over a compact Hermitian manifold (M,uj). 

Ag E = a 9e + V^i [d E d E + d E d E , a] + (d E r* + T *d E ) - (d E r + ra E ) (4.17) 

where 

(Ag E =d E d E + d E d E 

\a 9e = d E d* E + d* E d E 
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Proof. It follows from Lemma 4.4. 

We make a useful observation on the torsion r: 
Lemma 4.6. For any s G T(M,E), we have 

r(s) = -2^T (Fw) • s, t(s) = 2V^1 (d*u) ■ s 

Proof. By definition 

{[A,2du])s = 2A ((&«;) -a) 
= 2(A(dw))-s 

= -2>/^Tfa*wVs 



□ 



(4.19) 



Here we use the identity 

where the proof of it is contained in Lemma 8.8 of the Appendix. 



(4.20) 
□ 



Corollary 4.7. If (M,lu) is a compact balanced Hermitian manifold, and V B a metric con- 
nection on E over M , then 



\\d E s\\ 2 = \\d E s\\ 2 + (v^T [d E d E + d E 8 E , A] s, s) 



(4.21) 



for any s G F(M, E). 



Proof. Since for any s G T(M,E), ts = ts = and r*s = r*s = on a balanced Hermitian 
manifold. □ 

Theorem 4.8. Let (Af, u) be an Hermitian manifold with ddoo 11 ^ 1 = 0. IfV E is a metric 
connection on E over M , then 



= \\d E sf = \\d E sf + [d E d E + d E d E , A] s, s) 

for any s G F(M, E) with d E s = 0. 
Proof. We only have to prove that 

{{d E r* + T*d E ) s - (d E r + rd E )s, s) = o 



(4.22) 



(4.23) 



which is equivalent to (d E s, ts) = since t*s = t*s = d E s = 0. By formula 4.19 and Stokes' 
Theorem, 



(r*d E s,s) = (8 e s,ts) = / {d E s,*(rs)} 

Jm 



V^ijf, {««.,. (bv.)} 



-2V-1 



-2V-1 



M 



{s,d E 



*d LO ) • s 



/„{'■ 



s, I d * d lj) ■ s — ( *d u>) A 



<9 E sj 
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It is easy to see that 

d * d*uj = -d * *d * oj = Cndduj™- 1 = (4.24) 

since *oj = c n oj n ~ l where c n is a constant depending only on the complex dimension of M. 
Hence 

{d E s,Ts) = 2 V /Z 1 J |s, (*d*u?j Ad E s} = (4.25) 

since 8es = 0. □ 

Remark 4.9. By these formula, we can obtain classical vanishing theorems on Kahler man- 
ifolds and rigidity of harmonic maps between Hermitian and Riemannian manifolds. 



5 Vanishing theorems on Hermitian manifolds 

5.1 Vanishing theorems on compact Hermitian manifolds 

Let E be an Hermitian complex (possibly non-holomorphic) vector bundle or a Riemannian 
real vector bundle over a compact Hermitian manifold (M, oj). Let 8e,0e be the (1, 0), (0, 1) 
part of V E respectively. The (1, Incurvature of is denoted by R E G T(M, A 1 - 1 T*M ® 
E* ®E). It is a representation of the operator dEdE + dEdE- We can define harmonic section 
spaces associated to (E, X7 E ) by 

%™{M,E) = {op e n™(M,E) | d E <P = %<P = 0} (5.1) 

In general, on a complex vector bundle E, there is no such terminology like "holomorphic 
section of E" . However, if the vector bundle E is holomorphic and V s is the Chern connec- 
tion of E i.e. &e = d, then T-L^ q (M,E) is isomorphic to the Dolbeault cohomology group 

H^' q (M, E) and #|(M, E) is the holomorphic section spaces H°(M, E) of E. 

Definition 5.1. Let A be an r x r Hermitian matrix and Ai < • • • < A r be eigenvalues of A. 
A is said to be p-nonnegative (resp. positive, negative, nonpositive) for 1 < p < r if 

Ajj H 1- Xi p > 0( resp. > 0, < 0, < 0) for any 1 < i\ < i 2 < ■ ■ ■ < i p < n (5.2) 

Theorem 5.2. Let V E be any metric connection of an Hermitian complex vector bundle or 
a Riemannian real vector bundle E over a compact Hermitian manifold (M,h,oo). 

(1) If the second Hermitian- Ricci curvature Tr ul R E is nonpositive everywhere, then every 

dE-closed section of E is parallel, i.e. \7 E s = 0; 

(2) If the second Hermitian- Ricci curvature Tr UJ R E is nonpositive everywhere and negative 

at some point, then 7~L^ (M, E) = 0/ 

(3) If the second Hermitian- Ricci curvature Tr LJ R E is p-nonpositive everywhere and p-negative 

at some point, then (M, A q E) = for any p < q < rank(E). 

Proof. By [21], there exists a smooth function u : M — > R such that ojq = e Uuj is a 
Gauduchon metric, i.e. dduj^T 1 = 0. Now we replace the metric oj on M by the Gauduchon 
metric ojq. By the relation ojq = e u oo, we get 

Tr^ a R E = e- u Tr u R E (5.3) 
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Therefore, the positivity conditions in the Theorem are preserved. Let s G T(M, E) with 
Oes = 0, by formula 4.22, we obtain 

0= \\d E s\\ 2 + {V^l[dEdE + d E dE,A G ] s,s) = \\d E s\\ 2 - (T ru)G R E s, s) (5.4) 

where 

R E = d E d E + d E d E = Ri dz l A dz j ® e a ® eg (5.5) 
Since the second Hermitian-Ricci curvature Tr UG R E has components 



formula 5.4 can be written as 



= \\d E s\\ 2 - / R a gs a ^ (5.7) 



a 

M 



Now (1) and (2) follow by identity 5.7 with the curvature conditions immediately. For (3), 
we set F = A q E with p < q < r = rank(E). Let Ai < • • • < A r be the eigenvalues of Tr UJa R E \ 
then we know 

Ai + • • • + A p > (5.8) 

and it is strictly positive at some point. If p < q < r, the smallest eigenvalue of Tr u)G R F is 
AiH \-X g > and it is strictly positive at some point. By (2), we know (M, F) = 0. □ 

If V E is the Chern connection of the Hermitian holomorphic vector bundle E, we know 

H^ e (M,E)^H°(M,E) 

since 8e = V E = d for the Chern connection. 

Corollary 5.3 (Kobayashi-Wu[31], Gauduchon [19]). LetV E be the Chern connection of an 
Hermitian holomorphic vector bundle E over a compact Hermitian manifold (M,h,ui). 

(1) If the second Ricci- Chern curvature Tr w R E is nonpositive everywhere, then every holo- 

morphic section of E is parallel, i.e. X7 E s = 0; 

(2) If the second Ricci- Chern curvature Tr 0J R E is nonpositive everywhere and negative at 

some point, then E has no holomorphic section, i.e. H°(M,E) = 0; 

(3) If the second Ricci-Chern curvature Tr u R E is p-nonpositive everywhere and p-negative 

at some point, then A q E has no holomorphic section for any p < p < rank(E). 

Now we can apply it to the tangent and cotangent bundles of compact Hermitian manifolds. 

Corollary 5.4. Let (M,oj) be a compact Hermitian manifold and is the Chern curvature 
of the Chern connection V CH on the holomorphic tangent bundle T l,0 M. 

(1) If the second Ricci-Chern curvature is nonpositive everywhere and negative at some 
point, then M has no holomorphic vector field, i.e. H°(M,T^>°M) = 0; 



(2) If the second Ricci-Chern curvature @^ is nonnegative everywhere and positive at some 

d 



point, then M has no holomorphic p-form for any 1 < P < n, i.e. Hl' u (M) = 0; In 



particular, the arithmetic genus 

X (M,0)=Y,(-l) P h pfi (M) = l (5.9) 
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(3) If the second Ricci-Chern curvature is p-nonnegative everywhere and p-positive at 
some point, then M has no holomorphic q-form for any p < q < n, i.e. H^ ,0 (M) = 0. 
In particular, if the scalar curvature S CH is nonnegative everywhere and positive at 
some point, then H°(M,mKM) = for all m > 1 where Km is the canonical line 
bundle of M . 

Proof. Let E = T 1,0 M and h be an Hermitian metric on E such that the second Ricci-Chern 
curvature Tr Uh Q of (E,h) satisfies the assumption. It is obvious that all section spaces in 
consideration are independent of the choice of the metrics and connections. 

The metric on the vector bundle E is fixed. Now we choose a Gauduchon metric oog = & u ^h 
on M. Then the second Ricci-Chern curvature = Tr W(3 = e~ u Tr Uh @ shares the semi- 
definite property with 0( 2 ) = Tr Uh Q. For the safety, we repeat the arguments in Theorem 
5.2 briefly. If s is a holomorphic section of E, i.e., d E s = ds = 0, by formula 4.22, we obtain 

= \\d E s\\ 2 + [d E d E + d E 8 E , Aa] s, s) = \\d E s\\ 2 - (Tr UG @s, s) (5.10) 

If Tr w Q is nonpositive everywhere, then d E s = and so V s s = 0. If Tr^O is nonpositive 
everywhere and negative at some point, we get s = 0, therefore H°(M, T 1,0 M) = 0. The 
proofs of the other parts are similar. □ 

Remark 5.5. It is well-known that the first Ricci-Chern curvature represents the first 
Chern class of M. But on an Hermitian manifold, it is possible that the second Ricci-Chern 
curvature 

9(2) 

is not in the same (d, d, <9)-cohomology class as Q^ 1 ). For example, S 3 x S 1 
with canonical metric has strictly positive second Ricci-Chern curvature but it is well-known 
that it has vanishing first Chern number c\. For more details see Proposition 6.4. Therefore, 
q( 2 ) i n Proposition 5.4 can not be replaced by It seems to be an interesting question: 
if (M, oj) is a compact Hermitian manifold and its first Ricci-Chern curvature is nonnegative 
everywhere and positive at some point, is the first Betti number of M zero? In particular, is 
it Kahler in dimension 2? 

As special cases of our results, the following results for Kahler manifolds are well-known, 
and we list them here for the convenience of the reader. Let (M, h, oj) be a compact Kahler 
manifold. 

(1) If the Ricci curvature is nonnegative everywhere, then any holomorphic (p, 0) form is 

parallel; 

(2) If the Ricci curvature is nonnegative everywhere and positive at some point, then h p '° = 

for p = 1, • • • ,n. In particular, the arithmetic genus O) = 1 and b\{M) = 0; 

(3) If the scalar curvature is nonnegative everywhere and positive at some point, then h n, ° = 

0. 

(A) If the Ricci curvature is nonpositive everywhere, then any holomorphic vector field is 
parallel; 

(B) If the Ricci curvature is nonpositive everywhere and negative at some point, there is no 
holomorphic vector field. 



19 



5.2 Vanishing theorems on special Hermitian manifolds 

Let (M, h, uj) be a compact Hermitian manifold and V be the Levi-Civita connection. 

Lemma 5.6. Let (M,oj) be a compact balanced Hermitian manifold. For any (p,0)-form ip 
on M, 

(1) If (p is holomorphic, then d*(p = 0; 

(2) IfVip = 0, then d<p> = 0. 

Proof. For simplicity, we assume p = 1. For the general case, the proof is the same. By 
Lemma 8.5, we know, for any (1, 0)-form cp = (pidz 1 , 

a V = -h^ (5.ii) 

az 3 

where we use the balanced condition h %3 T% = 0. If p is holomorphic, then ||j = 0, hence 
d*(p = 0. On the other hand, 

VV = " r >™) dzj ® dz* (5.12) 

If VV = 0) we obtain 

dip = ^dz j A cfe* = T^ m dz j A d2* = (5.13) 

□ 

Theorem 5.7. Lei (M, cj) 6e a compact balanced Hermitian manifold with Levi-Civita con- 
nection V. 

(1) // the Hermitian- Ricci curvature {R{j) is p-nonnegative everywhere, then any holomor- 

phic (q,0)-form (p < q < n) is d-harmonic; in particular, h q,0 (M) < h°' q (M) for any 
p < q < n; 

(2) // the Hermitian- Ricci curvature (Rfj) is p-nonnegative everywhere and p-positive at 

some point, H^'°(M) = for any p < q < n; 

In particular, 

(3) if the Hermitian- Ricci curvature (Rfj) is nonnegative everywhere and positive at some 

point, then H^°(M) = 0, for p = 1, ■ ■ ■ ,n and so the arithmetic genus x{M-> O) = 1 
and &i(M) < hP' X {M). 

(4) if the Hermitian- scalar curvature S is nonnegative everywhere and positive at some point, 

then 

H°(M,mK M )=0 for any m>l 

where K M = detT* lfl M. 

Proof. At first, we assume p = 1 for (1) and (2). Now we consider E = T* 1,0 M with the 
induced metric connection V s = V for h (see 2.22). By formula 4.7, we have 

\\d E s\\ 2 = \\d E s\\ 2 + v^T ( [R E , A] s, s) (5.14) 
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where R E is the (1, l)-part curvature of E with respect to the connection V s . More precisely, 

— — - d 

R E = d E d E + d E d E = -R^,dz l A d~z? ® 7—^ <S> dz k (5.15) 

since E is the dual vector bundle of T 1,0 M and the (1, l)-part of the curvature of T 1,0 M is 

R^dz 1 A dz j ® dz k ® ^ (5.16) 
If s = is a holomorphic 1-form, i.e. 

5s = A dz i = (5.17) 



then 



( H - / fc r|. J d& ® d^ = -/ fc r|^ ® d** (5.18) 



Without loss of generality, we assume /i^j = 6^ at a given point. By Proposition 2.12, the 
quantity 

\d E s\ 2 = fifrFjtF^ = £ - flrf) fiJn (5-19) 
i,j,t,n i,n 

On the other hand 

v^<[^A] S , s } = ]T#f/J n (5.20) 

That is 

|5 BS |2 — \/-T ( A] s>a ) = -Y,R nl fJ n < (5.21) 

i,n 

if the Hermitian-Ricci curvature (R n j) of (M, /i, cj) is nonnegative everywhere. Then we get 

< \\d E sf = \\d E s\\ 2 - v^T ( [R E , A] s, s) < (5.22) 
That is d E s = 0. Since 

d ES = V' E S = V'a = V's = ( - dz* ® tfe 4 



v 0zJ 

we obtain V's = 0. By Lemma 5.6, we know Ags = 0. In summary, we get 

flJ°(M) C Hg'°(M) ^ H°'\M) (5.23) 

If the Hermitian-Ricci curvature (i?„|) is nonnegative everywhere and positive at some point, 
then fi = for each i, that is s = 0. So we proved H^ ,0 (M) = 0. The general cases follow by 
the same arguments as Theorem 5.2 and Theorem 5.4. □ 

The dual of Theorem 5.7 is 

Theorem 5.8. Let (M,h,uj) be a compact balanced Hermitian manifold. 

(1) If 2R.J — Rq is nonpositive everywhere, then any holomorphic vector field is V -closed; 

(2) If2R j — Rfj is nonpositive everywhere and negative at some point, there is no holomor- 

phic vector field. 
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Proof. Let E = T 1,0 M and V the induced connection on it. If s = f l -^z is a holomorphic 
section, then 

8 E s = fTldzi ® A (5.24) 
Without loss generality, we assume h-j = 5ij at a given point. By Proposition 2.12, 



\9es\ 



El 1 ' 1 , A 



( 2 if - R i3 ) ff 



By formula 4.17, 

0<\\d E s\\ 2 = \\d E s\\ 2 -V^ldR 1 ' 1 ^ s,s) (5.25) 



So if 2R J — Rr-- is nonpositive everywhere, d E s = V s = 0. If 2R - — Rsi is nonpositive 
everywhere and negative at some point, there is no holomorphic vector field. □ 



Remark 5.9. (1) It is obvious that the second Ricci-Chern curvature 0,-/ and Hermitian- 

v ' ki 

Ricci curvature R k j can not be compared. Therefore, Theorem 5.4 and Theorem 5.7 
are independent of each other. For the same reason, Theorem 5.4 and Theorem 5.8 are 
independent. 

(2) For a special case in Theorem 5.7, if the Hermitian-Ricci curvature R k j is nonnegative 
everywhere and positive at some point, by Proposition 3.5, the manifold (M, u) is 
Moishezon. It is well-known that every 2-dimensional Moishezon/balanced manifold is 
Kahler, but there are many Moishezon non-Kahler manifolds in higher dimension( See 

[36]). 

The following result was firstly obtained in [25]: 

Corollary 5.10. Let (M,uj) be a compact Hermitian manifold with A(ddoj) = 0. Let V s be 
the Bismut connection on T 1,0 M. 

(1) If the first Ricci-Bismut curvature B^ is nonnegative everywhere, then every holomor- 

phic (p,0)-form is parallel with respect to the Chern connection \7 CH ; 

(2) If the first Ricci-Bismut curvature B^ is nonnegative everywhere and positive at some 

point, then M has no holomorphic (p,0)-form for any 1 < p < n, i.e. H^'°(M) = 0; in 
particular, the arithmetic genus x(M, 0) = 1. 

(3) If the first Ricci-Bismut curvature B^ is p-nonnegative everywhere and p-positive at 

some point then M has no holomorphic (q, 0) -form for any p < q < n, i.e. H^' (M) = 0. 
In particular, if the scalar curvature S BM of the Bismut connection is nonnegative 
everywhere and positive at some point, then H°(M,mK]\i) = for any m > 1. 

Proof. By Proposition 3.7, if A(dduj) = 0, then 

B^ < e {2) (5.26) 
Now we can apply Corollary 5.4 to get (1), (2) and (3). □ 

Remark 5.11. For more vanishing theorems on special Hermitian manifolds, one can see 
[1], [25], [16], [17] and references therein. 
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6 Examples of non-Kahler manifolds with nonnegative curva- 
tures 



Let M = § 2n_1 x S 1 be the standard n-dimensional (n > 2) Hopf manifold. It is diffeo- 
morphic to C n — {0}/G where G is cyclic group generated by the transformation z — > \z. It 
has an induced complex structure of C n — {0}. For more details about such manifolds, we 
refer the reader to [30]. On M, there is a natural metric 



4 



\z 

8=1 1 



The following identities follow immediately 



dh kl = ^ktz 1 dh kJ 45 ke zi 

8z i |z| 4 ' d& M 4 { ' 

and 

Example 6.1 (Curvatures of Chern connection). Direct computation shows that, the Chen 
curvature components are 



d2 Kl , UPq dh ^ dh fZ _ 4 M<$ 



z\ 2 - z j z 



Q-- = "_ZM_ + hPQl^l VL = ~ z ' (6 41 

W dz*&zi 8z* 8P \z\ 6 



and the first and second Ricci-Chern curvatures are 

(1) _ n (5 ke \z\ 2 - z e z k ) {2) _ (n - l)5 ke 



It is easy to see that the eigenvalues of G^ 1 ) are 



n 



X 1 = 0,X 2 = ... = X n = (6.6) 



Hence, is nonnegative and 2-positive everywhere. 

Example 6.2 (Curvatures of Levi-Civita connection). Similarly, we have 

e 6 ie z k + SkiZ 1 . _ S jk z e - b u z 3 , . 

2|ip ' J* - 2|^ [bJ) 

and 

-w= — wr^ + — m a — ( } 



jk _ 5jk&il — 5kl&ij (fijkZ — Skl^ 3 )!? 



dz i 1\zf 2|z| 4 

The complexified Riemannian curvature components are 



(6.9) 



ijk \Qz3 Q z i ' 1 ~ 1 ik L ja jk ^ is 1 j k L is \ 2 |^| 2 4|z| 4 1 ' 

and 

_ 25g5 jk b it zH k + 5 jk z £ z l _ S ki \z\ 2 - z £ z k 

u ijke — \ z u \ z \g ' H ki ~ 2\z\ A \° Al ) 



23 



Example 6.3 ( Curvatures of Bismut connection). By definition 2.45 and Lemma 2.10, we 
obtain 

B i_ _ SjiAe - 5 ki 5ij 8ijz k z l + 5 k £Z l z j - 5n>z k z j - &j k ~?z l 

ijk \g\2 |y|4 \ • J 



Two Ricci curvatures are 

(i) (2) (2 — n)(5a\z\ 2 —iT'zi) 

B { y = b\z' = - , ,' 6.13 

y v 4|z| 2 

On the other hand, by 6.3, it is easy to see ddoo = and B^ = for n = 2. 

Proposition 6.4. Let M = S 2 "" 1 x S 1 be the standard n- dimensional (n>2) Hopf manifold 
with canonical metric h, 

(1) (M,h) has positive second Ricci-Chern curvature ; 

(2) (M,h) has nonnegative first Ricci-Chern curvature i.e., c\(M) > 0. Moreover, 

c?(M) = (6.14) 

M 

(3) (M,h) is semi-positive in the sense of Griffiths, i.e. 

eyfejuVuV > (6.15) 

for any u, v 6 C n ; 

(4) R k j is nonnegative and 2-positive everywhere; 

(5) (M, h) has nonpositive and 2-negative first Ricci-Bismut curvature. In particular, (§ 3 x 

S 1 , uS) satisfies dduj = and has vanishing first Ricci-Bismut curvature B^. 

Although we know all Betti numbers of Hopf manifold S 2 * 1 " 1 x S 1 , h p, ° is not so obvious. 
Corollary 6.5. Let (M, h) be n-dimensional Hopf manifold with n > 2, 

(1) h p '°(M) = for p > 1 and x(M, O) = 1. In particular, h 0tl (M) > 1. 

(2) dime H°(M, mK) = for any m > 1 where K = det(T* 1 '°M). 

7 A natural geometric flow on Hermitian manifolds 

As we discussed in the above sections, on Hermitian manifolds, the second Ricci curvature 
tensors of various metric connections are closely related to the geometry of Hermitian man- 
ifolds. A natural idea is to define a flow by using second Ricci curvature tensors of various 
metric connections. We describe it in the following. 

Let (M, h) be a compact Hermitian manifold. Let V be an arbitrary metric connection on 
the holomorphic tangent bundle (E,h) = (T 1,0 M,h). 

V : E ^Q\E) (7.1) 

It has two components V' and V", 

V = V' + V" (7.2) 
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V and V induce two differential operators 

d E : n p ' q (E) — ■> n p+1 > q (E) (7.3) 

d s : tt™(E) — ^ n p ' q+1 (E) (7.4) 

Let R E be the (1,1) curvature of the metric connection V. More precisely R E is a represen- 
tation of OeOe + OeOe- It is easy to see that 

R E £ T(M, A 1 ' 1 T*M ® End(E)) (7.5) 

and locally, we can write it as 

= i^ete* A dz j ®e A ®e B (7.6) 

Here we set e A = gp?",e B = where ^4,5 = 1, ••• , n, since the geometric meanings of 
j and A are different. It is well-known that a metric connection V is determined by its 
Christoffel symbols 

V JL e A = T? A e B , Vj L e A = r? A e B (7.7) 
In particular, we don't have notations such as T^. It is obvious that 

r>A _ OL iA _, ]A r C r B , r C r B f7 a \ 

K i]B-—ff=r + -Q^- l iA^c + l 3A l iC ( 7 -«J 

We set the second Hermitian-Ricci curvature tensor of (V,/i) as 

i?( 2 ) = h^R ilAE e A ® e E 6 T(M, ® #*) (7.9) 

In general we can study a new class of flows on Hermitian manifolds 



f t =F{h) + ^h 
h(0) = h 



(7.10) 



where J- can be a linear combination of the first and the second Hermitian-Ricci curvature 
tensors of different metric connections on (T 1,0 M,h). For examples, J~(h) = — Q( 2 \ the 
second Ricci-Chern curvature tensor of the Chern connection, and J-(h) = —w- 2 \ the second 
Hermitian-Ricci curvature tensor of the complexified Levi-Civita connection, or the second 
Ricci curvature of any other Hermitian connection. Quite interesting is to take J-(h) = 
sQi 1 ) + (1 — s)0( 2 ) as the mixed Ricci-Chern curvature, or F{h) = B^ — 2R^> where 
is the second Ricci curvature of the Bismut connection. More generally, we can set J-{h) to 
be certain suitable functions on the metric h. For example, if J~(h) = (A^S 1 ) h, the above 
equation will be the Hermitian Calabi flows. 

The following result holds for quite general J~(h), but here for simplicity we will only take 
J-{h) = — 0( 2 ) as an example. 

(§ = -e<*> + ,fc 

\h(0) = h„ 

where fi is a real parameter. By formula 2.38, the second Ricci-Chern curvature tensor has 
components 
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Theorem 7.1. Let (M,ho) be a compact Hermitian manifold. 

(1) There exists small e such that, the solution of flow 7.11 exists for \t\ < e, and it preserves 

the Hermitian structure; 

(2) The flow 7.11 preserves the Kdhler structure, i.e., if the initial metric ho is Kdhler, then 

h(t) are also Kdhler. 

Proof. (1). Let A c be the canonical Laplacian operator on the Hermitian manifold (M,h) 
denned by 

- d 2 

A c = h pq n " . (7.13) 

(2) 

Therefore, the second Ricci-Chern curvature — QW has leading term A^j which is strictly 
elliptic. The local existence of the flow 7.11 follows by general theory of parabolic PDE, and 
the solution is an Hermitian metric on M. 

(2). The coefficients of the tensor du are given by 



Under the flow 7.11, we have 



W~ = ai^+Vfijk (7.15) 



fiik(0) = o 



At first, we observe that /^(t) = is a solution of 7.15. In fact, if fa^it) = 0, then hq(t) 
are Kahler metrics, and so 

(2) = = 92 lQ g det ( h mn) 



Therefore, 



a0 ij d@ f _ 5 3 logdet(/ lm7T ) 5 3 logdet(/ lm , T 



+ z*:::ur = o (7.16) 



A c I ff-u I + lower order terms (7-17) 



dz l dz k dz l dz k dzj dz l dz k dzj 

On the other hand, 

Hence the solution of 7.15 is unique. □ 

Remark 7.2. Theorem 7.1 holds also for quite general J~{h) which we will study in detail 
in a subsequent paper [33]. 

The flow 7.11 has close connections to several important geometric flows: 

1. It is very similar to the Hermitian Yang-Mills flow on holomorphic vector bundles. More 
precisely, if the flow 7.11 has long time solution and it converges to an Hermitian metric 
/loo such that 

= M% (7.18) 

The Hermitian metric hoc is Hermitian-Einstein. So, by [34], the holomorphic tangent 
bundle T 1,0 M is stable. As shown in Example 6.1, the Hopf manifold S 2n+1 x S 1 is 
stable for any n > 1. In fact, in the definition of &w, if we take trace by using the 
initial metric ho, then we get the original Hermitian- Yang-Mills flow equation. 
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2. If the initial metric is Kahler, then this flow is reduced to the usual Kahler-Ricci 
flow( [<;]). 

3. The flow 7.11 is similar to the harmonic map flow equation as shown in Theorem 7.1. 
It is strictly parabolic, and so the long time existence depends on certain curvature 
condition of the target manifold as discussed in the pioneering work of Eells-Sampson 
in [11]. The long time existence of this flow and other geometric properties of our new 
flow will be studied in our subsequent work. 

Certain geometric flows and related results have been considered on Hermitian manifolds 
recently, we refer the reader to [43], [44], [45] and [22]. 



8 Appendix: The proof of the refined Bochner formulas 

Lemma 8.1. On a compact Hermitian manifold (M,h,u), we have 

[A,2du] =A+B+C (8.1) 



where 



fA = -h kI h m r^dz s Aa!z i I k 

} a* = -h^r^ijir 

V sk 1 1 

{ B = -IT^dz 1 A dzU 7 
)_ tj _ t 

\B* = 2h^Y s G dz%l- s 

'C = A(2du) = 2T J -dzi 
C* = 2h fi T^- s Ij = -2h^T J .-Jj 



Moreover, 

(1) [A,^] = -v^LB*; 

(2) [A, B] = -V=T(2T + B* + C* 



D' := dz i A V- 
D" :=dzi A 

J 



(8.2) 
(8.3) 
(8.4) 



(3) [A,C] = -V=TC ■ 

Proof. All formulas follow by direct computation. □ 
Definition 8.2. With respect to V' and V", we define 



(8.5) 



The dual operators of d, d, D 1 , D" with respect to the norm in 4.13 are denoted by d*,d ,8' , 5" 
and define 

< _ J (8.6) 

where I the contraction operator and I{ = I_d_ and Ij = I a . 

Remark 8.3. It is obvious that these first order differential operators D',D",8' and 5q are 
well-defined and they don't depend on the choices of holomorphic frames. If (M, h) is Kahler, 
D' = d, D" = d,S' = 8' = d* and ^ = 5" = d* . 
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Lemma 8.4. In the local holomorphic coordinates, 

d = D'-^ and d = D"-j (8.7) 

Proof. We only have to check them on functions and 1-forms. □ 
Lemma 8.5. On a compact Hermitian manifold (M,h), we have 

{Xll — x/i _(f_ 



For d and d, we have 



.9) 



Proof. For any tp G VL p > q ~ l (M) and tp G QP' q {M), by stokes' theorem 



= / d((pA*i/j) 
hi 

d — 

—r (dz 3 A if A *?/>) 

'M cn J 

— (d&Atprf) — 
\a&z 3 V n - 



n 



<9/i J \ , \ , / ,-jir i\ 91ogdet(/i m7 j) 



That is 

(BV *) = (ax a vj* ^v< W ) - („, + ^ gjgsffig> ) j#) 

(8.10) 

Now we will compute the second and third terms on the right hand side. 

f£ + ^ 9lQgd ; t( ^ ) = k*h* (^-!pL)= 2h? l T\ = -2h?M~ f (8.11) 
dzi dz 3 V dzJ dzS J 3 31 



On the other hand 

-hfiyij = -^v;.-^/(v;A 

= (5q - h ji Ajj (8.12) 
In summary, by 8.10, 8.11 and 8.12, the adjoint operator 5" of D" is 

C* 



6"=(6>{-hi i rU I )+2hi i TU-- 



L i — u o 
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Since d = D" — ^ , we get 



^ = 5 "_B = B+C_ 



Lemma 8.6. On a compact Hermitian manifold (M,h), we have 



\ [A, D>] 
\[A,D"} 

Proof. By definition 



16" + 



ii , c 



and 



-1(5' + ^ 



[S",L] 
[S',L]- 



-l(D' + 
=1(D" 



Ih^Iilj) (dz k AV' k ip) 
^h rj h (dz k A IjV k p 



(AD')<p 



= V-i8'l + dz k A V k (y^lh^Iiljip 

where we use the metric compatible condition 

Vlj = V h (A<p) = A(V^) 



Lemma 8.7. On a compact Hermitian manifold (M,h), we have 



j [A, d] = 

For the dual case, it is 

\[d*,L] 

Proof. By Lemma 8.6, 8.4 and 8.1, 

[A, 5] = [A, D'] ■ 



1 [d +7* 
/=T(0* +r*) 

^1(5 + r) 

■V=T(5 + t) 



A, 



5 



4 K + o 



= v/-i(r+r*) 

The other relations follow by complex conjugate and adjoint operations. 
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Lemma 8.8. On an Hermitian manifold (M,h,oj), 

d*uj = \^iA(doj) = V^ir j e3 dz e 

Proof. We have 



(8.17) 



C 



A(doj) 



T%dz j 



On the other hand, by Lemma 8.5 and 5q0j = 

B* + C* \ B*uj 



d oj 



OJ 



-OJ 



p ± s 



—h rn ndz m Adz n \ - —oj 



1 



cr 



-co 



5 -hikh^dz* 
2 tj 2 

= ^irUz e 

□ 

Now we assume E is an Hermitian complex vector bundle or a Riemannian vector bundle 
over a compact Hermitian manifold (M, /i, oj) and V s is a metric connection on E. 



Lemma 8.9. We have the following formula: 



d E ((p ®s) = (d <p)®s- h VJ Uj<p\ A 



Vfa 



(8.18) 



/or any ip £ QP>i(M) and s £ T(M,E). 

Proof. The proof of is the same as Lemma 8.5. □ 
Lemma 8.10. If r is i/ie operator of type (1,0) defined by t = [A, 2doj] on £l'(M,E), then 

(1) [^,L] = v^T(^ + r); 

(2) [^,L] = -7^T(^ + r); 

(3) [A,0 i? ]=v /r T(^ + r*) ; 

(4) [A,^] = -v^T(^ + r*). 

Proof. We only have to prove (3). For any up G f2*(M) and s £ T(M,E), 

(Ad E )(<p®s) = A(d(p®8 + (-l)M<pAd E 8\ 

-l)M^lh kl I k I- £ (vAd E s) 
.l)\v\^lh k % {(Ijip) A d E s) 

■1) 



A ^cfy? <g> s + 

(A099) <g> s + 
{Aduo) <g> s + 
(Ady?) ® s + 
(A<9(/?) ® s + 



(l fc (J^))A9 £f 



\h kt Ij{^) M k d E s 



l)M(A<p)Ad E s 



lh ki I-Jop)AVfs 
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On the other hand 

(d E A)((p®s) = d E ((A<p)®s) 

= {dAip) ® s + (-l) M (Aip) Ad E s 

Therefore 

[A,d E ]{<p®s) = ([A,d](p)®s-V^lh kI I I (<p) AVfs 

= V=l ( (d* + r*) y>) ® s - ^/i fcl / z (^) A Vf s 

= ^/^T + f *) (<p ig> s) 
where the last step follows by 8.18. □ 
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